Optimization of a positron crystal undulator (CU) is addressed. The ways to assure both the maximum intensity and minimum spectral width of positron CU radiation are outlined. We claim that the minimum CU spectrum width of 3 -4% is reached at the positron energies of a few GeV and that the optimal bending radius of crystals planes in CU ranges from 3 to 5 critical bending radii for channeled particles.
Introduction
Crystal undulators (CUs) [1, 2] open up wide possibilities for designing sources of intense x-and γ-radiation. The unique properties of CUs are assured by both the intra-atomic strength and the inter-atomic space scale of the field of crystal planes. After the modulation of transverse displacament of crystal planes in CUs their field allows to induce the undulator-like motion of channeled particles characterized by the record-breaking acceleration and oscillation frequency. These unique properties open up a way to generate intense hard narrow-spectrum radiation using particle beams of reasonable energies.
Though CUs were proposed quite long ago [1, 2] , reliable realistic description of their functioning has become possible only after the development [3, 4] and experimental validation [5, 6] of the corresponding simulation tool.
Both various approaches to CU fabrication and different views on the previous achievements in CU studies have been addressed in [4, 7, 8] . Our analysis [4] of both conducted and suggested experiments demonstrates limited perspectives of electron CUs and stimulates more active investigation of the positron case.
In this paper we address the problem of finding an optimal construction of positron CU suggesting the ways how to increase the intensity and reduce the spectral width of the CU radiation.
A method of optimal positron CU parameter search is outlined in Section 2.
Some details of our simulation method are discussed in Section 3 along with the results of its applications to both the recent test [9] of the short-period electron CU [10] and 6.7 GeV channeling positron radiation experiment [11] . Section 4 describes some benchmark positron CU configuration and illustrates its functioning.
CU parameter choice
In order both to describe the necessary features of the positron CUs and to devise a method to fix their parameters we will consider the positron motion and radiation in the field of crystal planes transversely modulated according to the function
where A and λ U are CU amplitude and period respectively, x axis is normal and z axis is parallel to the crystal planes before modulation.
The positron transverse coordinate x(z) + X(z) measured in the laboratory reference frame obeys relativistic Lorentz equation of motion in the electric field of the modulated planes (1) . This equation can be transformed to that for the positron coordinate x(z) measured from some modulated crystal plane and governed by the effective planar potential V ef f [x, R(z)] (see Fig. 1 ), depending on the local crystal bending radius
having the minimum absolute value
In principle, since the bending radius (2) depends on z, the particle transverse εv 2 x (x)/2 + V ef f (x) variation, where ε and v x are the particle total energy and transverse velocity, respectively. However, since the planar potential is close to the harmonic one far from the planes, ε ⊥ will not deviate considerably from its initial value ε ⊥0 = εv 2 x0 /2 + V ef f (x 0 ) for a stably channeled positron. We will also rely on the fact that ε ⊥ will periodically return to the close values with the CU period λ U in any realistic potential when λ U substantially exceeds the channeling period λ ch and the adiabatic condition holds true.
Let us remind that channeling is possible in a bent crystal only when its bending radius exceeds the critical value
where E max is the maximal strength of planar electric field, close to 6 · 10 9 V/cm for Si(110). In general the ratio
determines both the depth and the width of the V ef f channeling well (see Fig.   1 ), which, in their turn, limit both the dechanneling length and channeling efficiency (percentage of channeling particles). Below we will find out that the ratio (5) also determines the effective amplitude E ef f of the CU field.
To find the optimal value of the ratio (5), we will consider zero incidence case ϑ x0 = 0 and assume that stably channeling positrons should not approach the locations of the nuclei closer than by a "dechanneling distance" x d ≈ 0.02nm.
For this the incidence point coordinate x 0 should belong to the interval [
where x r is the right reflection point of the channeling positron having the left one x l = x d . At this the channeling capture probability will be limited by the value P ch = (x r − x l )/d also determined by the ratio (5).
Perhaps the main difference of crystal undulators from the "normal" magnetic one consists in the fast channeling oscillations superimposed on the less frequent undulator ones. The amplitude of the velocity oscillations v x0 is related with the transverse energy by the formulae
An initial value ε ⊥0 of the latter is determined by both the coordinate and angle of positron incidence, while its further evolution is caused by the effective crystal potential V ef f oscillations induced by that of the local crystal curvature as well as by the incoherent positron scattering by crystal nuclei and electrons.
The point is that in practise the maximal value ε max ⊥ of (6), measured from the local V ef f minimum, can not be reduced with the depth of the potential well by the transition R min → R cr since both P ch and dechanneling length would nullify therewith. On the other hand, the undulator parameter or a normalized amplitude of the CU velocity oscillations
increases with R min → R cr . Thus, the balance of number of channeling positrons, proportional to their capture probability P ch into the channeling regime, of the radiation intensity, proportional to K 2 at small K, and of the dechanneling length, proportional to ε max ⊥ , has to determine the optimal ratio (5) by maximizing the product
The harmonic potential model readily allows one to find the minimizing value are represented in Fig. 2 demonstrating that the optimal value of the ratio (5) increases from r ≃ 3.5 − 4 for the smallest positron beam angular divergencies to r > 5 for the larger ones. This circumstance will help us to choose the benchmark CU configuration in Section 4.
For an undulator, or any other periodic structure for coherent radiation production, having a finite number N of periods, the radiation intensity (or probability) is proportional to the square of the interference factor [12, 13, 14 ]
where
is a relative phase of the waves emitted from neighboring undulator periods at an angle θ with respect to the CU axis by a particle having a transverse energy ε ⊥ . Analysing the behavior of the interference factor in the usual way [12, 13, 14] , one can represent the central emission line frequency of the first harmonic of radiation in the forward direction (at θ = 0) in the form
where ε ⊥0 is some effective average transverse energy, determined by the ε ⊥ distribution both in the channel and along the crystal length. The further analysis of Eqs. (9)- (11) allows one to obtain the contributions by the limited number of CU periods
by the radiation collimation angle
and by the transverse energy dispersion ∆ε ⊥max = ε ⊥max − ε ⊥min = ε ⊥max
to the width of the main undulator radiation peak.
Before using Eqs. (12)- (14) to specify further the CU parameters, we initially fix the CU length to be close to that of dechanneling and the CU period to range from three to four channeling periods to assure, on the one hand, an adiabaticity of the channeling motion in the undulator and, on the other, the hardest radiation at the given positron energy. As a result one finds that (12)). Assuming that K ∼ 1 and neglecting the last term in the Eqs. (14) denominator, one can see that δω ε ⊥ /ω 1 ∝ ε (see Eq. (14)). The energy dependencies of these estimates indicate that a positron energy exists which minimizes the combined radiation frequency uncertainty.
Unfortunately, it is hardly possible to find exactly this energy using only simple analytical estimates (12) - (14), which allow one to limit the optimal positron energy by the relatively wide interval from 1.5 to 4 GeV. In fact, only a joint exhaustive search of the optimal values of positron energy, CU period, modulation amplitude and length can solve this problem. To provide a benchmark for this search we will chose the lowest value ε = 1.5GeV from the mentioned interval, the value which was not touched in the literature for some time -see [8] .
3 Overview and some details of the simulation method
In general the treatment of particle radiation in CUs is much more complex than that in usual magnetic undulators. First of all, one should take into consideration the dependence of radiation formation process on the variation of particle longitudinal velocity proceeding from the channeling oscillations, the amplitude of which changes both from particle to particle and along the trajectory of each particle. Also the radiation of channeled, never channeled, dechanneled and rechanneled paricles, as well as dechanneling and rechanneling processes themselves should be properly accounted for. All these features can be taken into consideration without their individual study if one uses a reliable method of realistic particle trajectory simulations and direct sampling of the accompanying radiation.
Our simulation method is widely tested using experimental data. The reached level of agreement of its predictions with the latter can be understood from the comparison of our predictions with the data [15] obtained in experiments on electron radiation in the 40µm CU [4] , on the radiation accompanying electron multiple volume reflection from the multitude of the planes of a single-piece crystal [5] , and on the electron channeling observation in a thin bent crystal [6] . Since the method has been already described in [4, 3] , we will dwell here only on the incoherent scattering and photon refraction treatment.
To remind the advantages of our approach, let us start from the model [17] which was the first one described the incoherent scattering of particles moving along classical trajectories. Recently it was applied to simulate the crystal assisted collimation [18] . Remind that incoherent scattering process is treated in [17, 18] using the common formulae for the r.m.s particle scattering angles on nuclei and electrons to which the local nucleus and electron densities are substituted. In order to make the relative variations of both averaged crystal field strength and scatterer densities small on each simulation step, the latter have to be chosen rather short. However being applied to the short trajectory steps, the formulae for the r.m.s. scattering angles on both nuclei and electrons can return only small values, demonstrating their inability to realistically describe the single particle scattering at the angles exceeding the r.m.s scattering angle within small trajectory steps (the "large" angles) considerably.
Such an approach is internally contradictive since, though the large-angle scattering events are rare, they nevertheless give the main contribution to the r.m.s. angle of scattering within a small trajectory step. No wonder that single scattering proves to be essential for an adequate joint treatment of coherent and incoherent radiation and pair production [19, 20, 23, 22] as well as for the quantitative description of the volume capture into the channeling regime of both negatively [23, 6] and positively [24] charged particles.
Incoherent scattering, in fact, was treated as a single scattering process long ago by M.L. Ter-Mikaelian [19] . However this approach, being polar to [17, 18] , is too idealized as well. Indeed, when a particle is moving nearly parallel to a plane or axis, its successive collisions with nuclei and electrons become much more frequent, especially in the regions of maximum local nucleus and electron number densities inside atomic planes and strings, tens of times exceeding their average concentrations in a crystal. That is why we claim that the most adequate way [20, 23] both to describe analytically and to simulate numerically the Coulomb scattering at the smallest angles, is to treat it as a multiple scattering process as follows.
In order both to follow the CB theory of [19] and to ensure a proper transition to the well fitted GEANT4 [26] simulation results in the case of amorphous medium, we will adopt the parametrization of the singly-charged particle scattering cross-section
from the Thomas-Fermi atom theory. Here p (βc) is the momentum (velocity) of the particle,
is the typical scattering angle at which the nucleus field screening by electrons becomes important and
where a 0 is the Bohr screening radius, is the screening length suggested by the Thomas-Fermi theory.
M.L. Ter-Mikaelian [19] also predicted some suppression of the incoherent scattering by the correlations in particle collisions with crystal atoms. This effect is explained by an effective merging of small-angle correlated deflections accompanying a sequence of peripheral particle collisions with ordered atoms of a crystal plane or axis into a smooth trajectory bending. Since the latter is described by the "continuum potential", the corresponding small-angle particle scattering contribution should be excluded from the incoherent scattering process (see also [25] ). Taking into consideration this incoherent scattering suppression by the Debye-Waller factor, the mean square of the particle multiple scattering angle at a unit length, comprised by the events of single scattering at the angles ϑ ≤ ϑ 2 , can be represented in the form
were The mean squared multiple scattering angle (17) should be used to sample a cumulative small-angle scattering deflection in both transverse planes using the corresponding 2D Gaussian distribution and azimuthal symmetry assumption (see, however, [25] ). The value ϑ 2 is some boundary angle between the single and multiple scattering regions, the choice of which is discussed below. The "large angle" scattering by ϑ > ϑ 2 , complementary to the process of multiple scattering, is sampled as single scattering events using the same cross-section (15) at the instants of time when a specially sampled random number exceeds the single-scattering probability integrated along the trajectory from either the previous single scattering event or the particle entrance into the crystal. The suppression of incoherent scattering by the atomic correlations in crystals is still taken into consideration by discarding the scattering events in which specially sampled random numbers do not exceed the value
). The maximum single scattering angle ϑ max either can be taken equal to the maximum elastic scattering angle by a nucleus or restricted by geometrical and statistical considerations.
The disclosed approach evidently reduces to the model [17] at ϑ 2 = ϑ max and to the model [19] at ϑ 2 = 0. Though the latter describes the situation more adequately, it requires more extensive simulations. Our point is that some freedom of the boundary angle ϑ 2 choice exists which allows one to facilitate the simulation procedure. Indeed, the separation of the single-atom scattering angles on "small" and "large", divided by the boundary value ϑ 2 , closely reminds that of impact parameters or atom excitation energies in the Bohr-Bethe-Bloch theory of ionization losses. The boundary parameters of the latter enter the logarithms of the intermediate complementary formulae in such a way that they drop out from the resulting formula for ionization losses and, therefore, can be roughly estimated from the qualitative considerations.
Similarly one can expect for the weak dependence of the scattering simulation results on ϑ 2 .
To choose the latter, let us consider the particle incoherent scattering in the process of its complete deflection by one atomic string or axis, having in mind in particular the positron deflection by a low-index Si plane in the GeV en-ergy region important for our study of the CU radiation. One can apply the logarithmic approximation to estimate the averaged square of the scattering angle ϑ 2 s (pl) = 4π
where pl n N dz is the integral of nuclei concentration along a half of the positron channeling oscillation, and the incoherent scattering probability
The latter demonstrates that choosing ϑ 2 ∼ ϑ s (pl) one can reduce the probability of positron single Coulomb scattering along the half of the channeling period down to P sc (pl) ≤ 1 preserving the main features of the incoherent scattering process. The disclosed method of particle trajectory simulation is applicable to a vast number of processes accompanying high-energy particle motion through crystals. Here we will apply it to the simulation of the spectra of positron radiation in some CU construction. As usual, we will proceed from the formulae
derived by the semiclassical operator method by Baier and Katkov [27] . Note that a thorough description of the gamma-photon refraction has been imple-mented in (18)- (20) by the introduction of the "plasma" refractive index
Remind that the photon refraction influence on both channeling and CU radiation is known since the predictions of these effects [28, 1, 29] . Its importance for CU radiation became even more clear recently. Indeed, the experiments [15, 16] on electron radiation in the 40µm CU have demonstrated some evidence of a peak at photon energies 20 − 60 keV which are much softer than that of the expected first CU peak. However, to judge, whether such a feature in so soft spectral regio represents itself some new resonant effect, one should first describe the influence of transition radiation from the target surfaces taking into consideration the difference in the thicknesses of the CU crystal and the amorphous target used to measure the radiation background.
The gamma refraction is also essential for another family of CU constructions.
Namely, a group of technologies [4] using periodic micro scratches, grooves [30] or thin strips applied to the crystal surface for production of the periodic surface strain can be readily applied to the fabrication of CUs with periods λ U ∼ 1mm. The point is that even at such high positron energies as 15 GeV, the CU radiation peak frequency (11) practically coincides with the typical energy γω pl ≃ 1MeV at which both the density effect and transition radiation are most important.
Another improvement of the method [4] concerns the description of the contributions of the sharp incoherent and smooth coherent deflections into the radiation process. Our recent practice [3, 4] suggests to integrate (19) by parts over some trajectory intervals to separate the contributions of sharp and smooth particle deflection. First -as the contributions of the integration interval ends and second -as the elementary integrals over the intervals analytically evaluated using the uniform field approximation to assure a correct high-frequency behavior without the interval length reduction despite the coherent length decrease. Either the trajectory simulation steps or the larger trajectory parts obtained by the integration steps aggregation can be used as the trajectory intervals. The disclosed approach allows one to represent the integrals (19) in the form
where 
on the left and on the right of each inter-step bordeṙ
and on the right from the exit surfacė
have been used. We assume here that a particle intersects a plane crystal from the left to the right. The introduced phase derivative breaks at the crystal surfaces and at the trajectory step boundaries allow to treat transition and incoherent radiation, respectively.
Any available experiment, in that number the ones [15, 16, 9] on the electron CU radiation, should be used both to verify the simulation tool and to demonstrate the scope of its applicability. The outcomes of the experiment [15] with 855 MeV electrons have been already reproduced in [4] . Both the modest radiation spectrum modification at the expected CU peak position and the channeling radiation suppression in the CU have been reproduced. Provided the information on the real CU parameters, a quantitative reproduction of this experiment will be readily given. The same is true for the analogous experiments with 270 MeV [15] and 375 MeV [16] electrons in the same CU.
Here we reproduce the recent experimental results [9] obtained with the shortperiod small-amplitude CU suggested by A. Kostyuk [10] . From The detail simulations of the electron channeling in both [4] and [6] reveales a drastic instability of the electron channeling in CUs stimulating one to rely more on the positron ones. Proceeding to the simulations of the latter, we present the results of simulations of the positron channeling experiment [11] in Fig. 4 . Here again the reaching of the better agreement of simulations with the experiment is hampered by an incomplete information on the angular characteristics of both the positron and gamma-photon beams. angles are −θ ch < θ ex < θ ch , θ ch < θ ey < θ ch , where θ ch = 62µrad. The collimation angles are −θ coll < θ γx < θ coll , −θ coll < θ γy < θ coll , where θ coll = 350µrad.
Open circles represent experimental data from [11] . The bars represent statistical simulation errors.
Simulation of a CU functioning
Some additional assumptions are necessary to apply eqs. (5), (7) and (12)- (14) to fix the parameters of the benchmark CU assuring the lowest spectral width. First we will choose the CU length to be slightly less than the positron dechennling length. Also we will follow the traditional understanding of the CU functioning, in which the positron channeling in CU can be treated adiabatically, assuming λ U = (3 ÷ 4)λ ch . The choice of practically the minimal λ U value, assuring adiabatical condition, provides both the shortest undulator radiation wavelength, minimal undulator length and positron energy as well 
Finding these estimates we have also assumed the K ∼ 1 and R min = 3.5R cr .
We chose the minimal positron energy from the found interval which jointly with both the previous assumptions and Eqs. (5), (7), (12)- (14) fixes the pa- [4, 6] . Fig. 8 illustrates the role of incident beam divergence demonstrating that the positron collimation requirements are quite severe. The same is true for the emitted radiation. In order to prevent a considerable spectral widening caused by the radiation angular divergence we used the condition (13) to restrict the collimation angle to θ coll = 1/8γ ≃ 43µrad. Such a low value results in a rather low gamma-photon yield of about 0.001γ/e + which, however, can be increased, at least several times at a prise of a moderate spectrum widening by the two-three time increase of the collimation angle.
Conclusions
Relying on the original estimates of both the CU radiation intensity and various contributions to the radiation spectrum width a construction of positron CU, characterized by 3.5 -4% spectrum line width, 10 −3 γ/e + photon yield, an order of value channeling radiation suppression and severe requirements on both gamma and positron beam collimation is devised. We suggest to consider this CU configuration as a benchmark for both estimates of CU application perspectives and further development of effective CU constructions.
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